Abstract. In this paper, we study deformations of nonsingular Poisson varieties, deformations of Poisson invertible sheaves and simultaneous deformations of nonsingular Poisson varieties and Poisson invertible sheaves, which extend flat deformation theory of nonsingular varieties and invertible sheaves. In an appendix, we study deformations of Poisson vector bundles. We identify first-order deformations and obstructions.
Introduction
In this paper, we study deformations of nonsingular Poisson varieties and Poisson invertible sheaves, which extend flat deformation theory of algebraic schemes and invertible sheaves (see [Ser06] , [Har10] ). In other words, when we ignore Poisson structures, underlying deformation theory is exactly same to flat deformation theory of algebraic schemes and invertible sheaves. An algebraic Poisson scheme X over k is an algebraic scheme over k whose structure sheaf O X is a sheaf of Poisson k-algebras 1 , where k is an algebraically closed field with characteristic 0. Equivalently, a Poisson structure on an algebraic scheme X is characterized by an element Λ 0 ∈ Γ(X, H om O X (∧ 2 Ω 1 X/k , O X )) with [Λ 0 , Λ 0 ] = 0, where [−, −] is the Schouten bracket on X. In the sequel we denote an algebraic Poisson scheme by (X, Λ 0 ). It is known that infinitesimal deformations of a nonsingular variety X is controlled by the tangent sheaf T X so that H 1 (X, T X ) represents first-order deformations and H 2 (X, T X ) represents obstructions (see [Ser06] Proposition Date: Februry 21, 2015. 2010 Mathematics Subject Classification. 14B10, 14B12, 17B63, 32G07, 53D17. The author was partially supported by NRF grant 2011-0027969. 1 For general information on Poisson geometry, we refer to [LGPV13] .
1.2.9, Proposition 1.2.12). On the other hand, infinitesimal deformations of an invertible sheaf L on a nonsingular variety X is controlled by the structure sheaf O X so that H 1 (X, O X ) represents firstorder deformations and H 2 (X, O X ) represents obstructions (see [Ser06] 
− → E 1 L → · · · . We will denote the i-th hypercohomology group by H i (X, Λ 0 , E • L ) so that H 1 (X, Λ 0 , E • L ) represents first-order deformations and H 2 (X, Λ 0 , E • L ) represents obstructions (see Proposition 7.0.48).
In section 2, we review the characterization of the Poisson structure of an algebraic Poisson scheme X over a base scheme S by an element Λ ∈ Γ(X, H om O X (∧ 2 Ω 1 X/S , O X )) with [Λ, Λ] = 0 2 In [Kim14a] , [Kim14b] , the author used the notation HP i (X, Λ0) for the i-th hypercohomology group of unshifted truncated Lichnerowicz-Poisson complex 0 → TX → ∧ 2 TX → ∧ 3 TX → · · · induced by [Λ0, −] in order to keep notational consistency with [Nam08] , [GK04] . However the author decides to use the notation H i (X, Λ0, T where [−, −] is the Schouten bracket on X over S (see Remark 2.0.7). We also review LichnerowiczPoisson complex and define degree-shifted (by 1) truncated Lichnerowicz-Poisson complex with their cohomology groups (see Remark 2.0.9).
In section 3, we study deformations of algebraic Poisson schemes which extend flat deformation theory of algebraic schemes. We define the Poisson deformation functor Def (X,Λ 0 ) which is a functor of Artin rings for an algebraic Poisson scheme (X, Λ 0 ) (see Definition 3.0.13). We identify first order deformations of a nonsingular Poisson variety (X, Λ 0 ) with H 1 (X, Λ 0 , T • X ) and obstructions with H 2 (X, Λ 0 , T • X ) (see Proposition 3.0.16, Proposition 3.0.18). We show that for a nonsingular projective Poisson variety (X, Λ 0 ) with H 0 (X, Λ 0 , T • X ) = 0, the Poisson deformation functor Def (X,Λ 0 ) is pro-representable (see Theorem 3.0.24).
In section 4, we study Poisson invertible sheaves on an algebraic Poisson scheme (X, In section 5, we study deformations of Poisson invertible sheaves under the trivial Poisson deformations. We define the associated deformation functor Def In section 6, we study deformations of sections of a Poisson invertible sheaf (L, ∇) in the trivial Poisson deformations. We show that the formalism of deformations of sections of an invertible sheaf L in the trivial deformations can be extended to Poisson deformations by replacing H 1 (X, O X ) and H i (X, L) by H 1 (X, Λ 0 , O • X ) and H i (X, Λ 0 , L • , ∇), i = 0, 1, respectively. For a global section s ∈ H 0 (X, Λ 0 , L • , ∇) and a first-order deformation a ∈ H 1 (X, Λ 0 , O • X ), we study a condition when s can be extended to a sections ∈ H 0 (X × Spec(k[ǫ]), Λ 0 , L • a , ∇ a ) of the first-order deformation associated with a (see Proposition 6.0.45).
In section 7, we study simultaneous deformations of nonsingular Poisson varieties and Poisson invertible sheaves. We define the associated deformation functor Def (X,Λ 0 ,L,∇) for a nonsingular Poisson variety (X, Λ 0 ) and a Poisson invertible sheaf (L, ∇) on (X, Λ 0 ) (see Definition 7.0.47). Given a nonsingular projective Poisson variety (X, Λ 0 ) over C and a Poisson invertible sheaf (L, ∇), we show that the Poisson Chern class c(L, ∇) of (L, ∇) gives the Poisson Atiyah extension 0 → O • X → E • L → T • X → 0 (see Proposition 7.0.46). We identify first-order deformations with H 1 (X, Λ 0 , E • L ) and obstructions with H 2 (X, Λ 0 , E • L ) (see Proposition 7.0.48). In section 8, we study deformations of sections of a Poisson invertible sheaf (L, ∇) in flat Poisson deformations. We show that the formalism of deformations of sections of an invertible sheaf L in flat deformations can be extended to Poisson deformations by replacing H 1 (X, E • L ) and H i (X, L) by H 1 (X, Λ 0 , E 0 L ) and H i (X, Λ 0 , L • , ∇), i = 0, 1, respectively. For a global section s ∈ H 0 (X, Λ 0 , L • , ∇) and a first-order deformation η ∈ H 1 (X, Λ 0 , E • L ), we study a condition when s can be extended to a sections ∈ H 0 (X , Λ, L • , ∇ L ) of the first-order deformation associated with η (see Proposition 8.0.59).
In Appendix B, more generally, we study deformations of Poisson vector bundles which extend deformations of vector bundles. It is known that infinitesimal deformations of a vector bundle F on a nonsingular variety X is controlled by the sheaf H om(F, F ) so that H 1 (X, H om(F, F )) = Ext 1 (F, F ) represents first-order deformations and H 2 (X, H om(F, F )) = Ext 2 (F, F ) represents obstructions. Given a nonsingular Poisson variety (X, Λ 0 ), a Poisson vector bundle F is a locally free sheaf of finite rank equipped with a flat Poisson connection ∇. We will denote the Poisson vector bundle by (F, ∇) (see Definition B.0.61). Then H om(F, F ) has a natural flat Poisson connection ∇ H om(F,F ) which defines a complex of sheaves H om(F, F ) • : H om(F, F ) → T X ⊗ H om(F, F ) → ∧ 2 T X ⊗ H om(F, F ) → · · · . We will denote the i-th hypercohomology group by H i (X, Λ 0 , H om(F, F ) • , ∇ H om(F,F ) ) (see Remark B.0.65). We define the associated deformation functor Def (F,∇) (see Definition B.0.67). We show that infinitesimal deformations of a Poisson vector bundle (F, ∇) is controlled by H om(F, F ) • so that H 1 (X, Λ 0 , H om(F, F ) • , ∇ H om(F,F ) ) represents first-order deformations and H 2 (X, Λ 0 , H om(F, F ) • , ∇ H om(F,F ) ) represents obstructions (see Proposition B.0.68).
Preliminaries
In this paper, every algebra is a commutative k-algebra, where k is an algebraically closed field with characteristic 0. We review the characterization of a Poisson structure on a commutative algebra A over R in terms of an element Λ ∈ Hom A (∧ 2 Definition 2.0.1 (Poisson algebras). A commutative algebra A over a commutative algebra R is a Poisson algebra over R if there is an operation {−, −} : A × A → A such that for F, G, H ∈ A,
(1) {−, −} is a skew-symmetric R-bilinear : {F, G} = −{G, F }.
(2) {F G, H} = F {G, H} + G{F, H} (biderivation) (3) {F, {G, H}} + {G, {H, F }} + {H, {F, G}} = 0 (Jacobi identity). {−, −} is called the Poisson bracket of the Poisson algebra A over R. The bracket {−, −} defines an element Λ ∈ Hom A (∧ 2 Ω 1 A/R , A) so that for F, G ∈ A, {F, G} = Λ(dF ∧ dG). Then we will denote by (A, Λ) the Poisson algebra A over R with the Poisson bracket {−, −}.
Definition 2.0.2. For p, q ∈ N, a (p, q)-shuffle is a permutation σ of the set {1, ..., p + q}, such that σ(1) < · · · < σ(p) and σ(p + 1) < · · · < σ(p + q). The set of all (p, q)-shuffles is denoted by S p,q . For a shuffle σ ∈ S p,q , we denote the signature of σ by sgn(σ). By convention, S p,−1 := ∅ and S −1,q := ∅ for p, q ∈ N.
Definition 2.0.3. We define the Schouten bracket
, namely a family of maps 
which is known as Lichnerowicz-Poisson complex.
Example 2. Let B ⊗ k A be a A-algebra and B is a finitely generated k-algebra so that Ω 1
We can globalize a Poisson algebra (A, Λ) over R to define a Poisson scheme over some base scheme. We note that we can globalize the Schouten bracket, and so characterize a Poisson scheme over some base scheme. (for the detail, see the third part of the author's Ph.D thesis [Kim14a] ) Definition 2.0.6. Let f : X → S be a morphism of k-schemes. There is an operation
which is called the Schouten bracket on a scheme X over S.
Remark 2.0.7. Let f : X → S be a morphsim of k-schemes. The following are equivalent.
(1) X is a Poisson scheme over S.
(2) There exists a global section Λ ∈ Γ(X, H om O X (∧ 2 Ω 1 X/S , O X )) with [Λ, Λ] = 0. We will denote the Poisson scheme by (X, Λ).
Definition 2.0.8. Let (X, Λ 0 ) be an algebraic Poisson scheme over S. Then we define LichnerowiczPoisson complex by the following complex of sheaves
We define i-th shifted (by 1) truncated Lichnerowicz-Poisson complex by the following complex of sheaves
Remark 2.0.9. Let (X, Λ 0 ) be a nonsingular Poisson variety over k. In this case we denote
We will denote its i-th hypercohomology group by
On the other hand, shiftd truncated Lichnerowicz-Poisson complex is
We will denote its i-th hypercohomology group by H i (X, Λ 0 , T • X ).
Deformations of algebraic Poisson schemes
We denote by Art the category of local artinian k-algebras with residue field k, where k is an algebraically closed field with characteristic 0.
Definition 3.0.10 (small extension). We say that for (Ã,m), (A, m) ∈ Art, an exact sequence of the form 0 → (t) →Ã → A → 0 is a small extension if t ∈m is annihilated bym (i.e, t ·m = 0) so that (t) is an one dimensional k-vector space.
Lemma 3.0.11 (compare [Ser06] Lemma 1.2.6 page 26). Let B 0 be a Poisson k-algebra with the Poisson structure Λ 0 ∈ Hom B 0 (∧ 2 Ω B 0 /k , B 0 ), and
Then there is one to one correspondence
In particular, when Λ 1 = Λ 2 , there is a canonical isomorphism of groups
be an isomorphism compatible with skew symmetric biderivations which induces the identity on (B 0 ⊗ k A, Λ) so that θ isÃ-linear and induces the identity modulo by t. We have θ(x) = x + tP x, where
. When we think of P as an element of Hom B 0 (Ω 1 B 0 /k , B 0 ), we have θ(x) = x + tP (dx). We define the correspondence by θ → P . Now we check that Λ ′ − [Λ 0 , P ] = 0. Since θ is compatible with skew-symmetric biderivations Λ 1 , Λ 2 , for x, y ∈ B 0 , we have by Example (1),
Since θ is determined by P , the correspondence is one to one. Now we assume that Λ 1 = Λ 2 . So θ corresponds to P with [Λ 0 , P ] = 0. First we note that P ∈ Hom B 0 (Ω 1 B 0 /k , B 0 ) with [Λ, P ] = 0 is a Poisson derivation. i.e P ∈ P Der k (B 0 , B 0 ). In other words, P ({x, y}) = {P x, y} + {x, P y}.
We show that the correspondence is a group isomorphism. Indeed, let θ(x) = x + tP x and σ(y) = y + tQy with [Λ 0 , P ] = [Λ 0 , Q] = 0. Then σ(θ(x)) = θ(x) + tQ(θ(x)) = x + tP x + tQ(x + tP x) = x + tP x + tQx = x + t(P + Q)x. Hence σ • θ corresponds to P + Q. Since [Λ 0 , P + Q] = 0 and identity map corresponds to 0, the correspondence is a group isomorphism.
Lemma 3.0.12. Let B 0 be a k-algebra with T 0 ∈ Hom B 0 (Ω 1 B 0 /k , B 0 ), and e : 0
Then there is one to one correspondence {isomorphisms between (B 0 ⊗ kÃ , T 1 ) and (B 0 ⊗ kÃ , T 2 ) inducing the identity on
Proof. We keep the notations in the proof of Lemma 3.0.11. Since θ(T 1 (dx)) = T 2 (dθ(x)), we have
Now we discuss deformations of algebraic Poisson schemes. All schemes will be assumed to be defined over an algebraically closed field k with characteristic 0, locally noetherian and separated.
Definition 3.0.13 (flat Poisson deformations, compare [Ser06] and see also [Nam08] , [GK04] ). Let A ∈ Art. Let (X, Λ 0 ) be an algebraic Poisson scheme over k. An infinitesimal (Poisson) deformation of (X, Λ 0 ) over A is a cartesian diagram of morphisms of schemes ξ :
Then we can define a functor of Artin rings
A → {infinitesimal deformations of (X, Λ 0 ) over A}/isomorphism Definition 3.0.14 (trivial Poisson deformations). Let (X, Λ 0 ) be an algebraic Poisson scheme over k. An infinitesimal deformation of (X, Λ 0 ) over A ∈ Art is called trivial if it is isomorphic to the following infinitesimal deformation 
There is a canonical isomorphism
• X ) such that κ(ξ) = 0 if and only ξ is the trivial Poisson deformation class.
Proof. Given a first-order Poisson deformation of a nonsingular Poisson variety (X, Λ 0 ),
we choose an affine open covering
Poisson isomorphism inducing the identity on (U ij , Λ 0 ) by modulo ǫ. Hence by Lemma 3.0.11,
. Now we show that for two equivalent Poisson deformations of (X, Λ 0 ), associated 1-cocycles are equivalent. If we have another Poisson deformation
is a Poisson isomorphism of deformations, then for each i, there is an induced Poisson isomorphism:
Now we define an inverse map. Given an element in
. By reversing the above process, the cohomology class gives a glueing condition to make a Poisson deformation of (X, Λ 0 ). Definition 3.0.17. Let (X, Λ 0 ) be a nonsingular Poisson variety. Consider a small extension Proof. Let U = {U i } be an affine open covering of X such that we have Poisson isomorphisms
To give a liftingξ of ξ toÃ is equivalent to give a collection of
From such data, we can glue together (U i × Spec(Ã),Λ i ) to make a Poisson deformation (X ,Λ) inducing (X , Λ). Now given a Poisson deformation ξ = (X , Λ) over A and a small extension e : 0 → (t) →Ã → A → 0, we associate an element o ξ (e) ∈ H 2 (X, Λ 0 , T • X ). Choose arbitrary automorphisms {θ ij } satisfying (2) (for the existence of lifting, see [Ser06] Lemma 1.2.8) and
⊗ kÃ be the ring homomorphism corresponding toθ ij . We will denote byf ij Λ j be the induced skew symmetric biderivation structure on
In the following isomorphism
which corresponds to ad ijk ∈ Γ(U ijk , T X ). Then we have
is an isomorphism compatible with skew-symmetric bidervations. We note
We claim that given a different choice {θ ′ ij } and {Λ ′ i } satisfying (1), (2), (3), the associated 2-
is cohomologous to the 2-cocycle α associated with {θ ij } and
is mapped to α − β so that α and β are cohomologous. So given a deformation ξ and a small extension e : 0 → (t) →Ã → A → 0, we can associate an element o ξ (e) := the cohomology class of α ∈ H 2 (X, Λ 0 , T • X ). We also note that o ξ (e) = 0 if and only if there exists a collection of {θ ij } and {Λ i } satisfying (2), (3) with [Λ i ,Λ i ] = 0 (which meansΛ i defines a Poisson structure), Λ ′ ij = 0 (which impliesf ijΛj =Λ i ) andd ijk = 0 (which means (1)) if and only if there is a liftingξ.
3 Sincef ′ ij −fij is zero modulo t, we have (f ′ ij −fij )(x) = 0 + tpij(x) for some map pij. We show that pij is a derivation. Indeed, tpij(xy) = (fij −fij )(xy) =fij (x)(fij−fij )(y)+(fij−fij)(x)fij (y) =fij (x)tpij(y)+tpij(y)fij (y) = t(xpij(y) + ypij(x)). So pij is a derivation and so an element in Γ(Uij , TX ). 
By using the exact sequence of complex of sheaves 0 → Ω
In other words, any first-order flat deformation extends to a first-order Poisson deformation. Similarly, for a trivial Poisson K3 surface, we get the same situation. 
Since ξ,ξ induce the same Poisson deformation η over A, we havẽ
We define a Poisson isomorphism locally on U i × Spec(Ã), and show that each map glue together to give a Poisson isomorphism (X ,Λ) ∼ = (X , Λ). We claim that (
We show that each Poisson isomorphism {Id + ta i } glues together to give a Poisson isomorphism (X ,Λ) ∼ = (X , Λ). Indeed, it is sufficient to show that the following diagram commutes.
Indeed, the diagram commutes if and only if (Id + ta i ) •f ij = f ij • (Id + ta j ) if and only if f ij + ta i = f ij + ta j if and only if p ij = a j − a i . Hence there is at most one lifting of η. Now we prove that if H 1 (X, Λ 0 , T • X ) = 0, then (X, Λ 0 ) is rigid. We will prove by induction on the dimension on (A, m) ∈ Art. For A with dim k A = 2, then any first order Poisson deformation is trivial. Let's assume that any infinitesimal Poisson deformation of (X, Λ 0 ) over A with dim k A ≤ n − 1 is trivial. Let ξ be an infinitesimal Poisson deformation of (X, Λ 0 ) over A with dim k A = n such that m p−1 = 0 and m p = 0. Choose an element t = 0 ∈ m p−1 . Then 0 → (t) → A → A/(t) → 0 is a small extension and dim k A/(t) ≤ n − 1. Hence induced Poisson deformationξ over A/(t) from ξ is trivial by induction hypothesis. Since ξ is a lifting ofξ, and trivial Poisson deformation over A is also a lifting ofξ, ξ is trivial since we have at most one lifting ofξ.
where Aut((X , Λ)/(X, Λ 0 )) := the set of Poisson automorphisms of (X , Λ) restricting to the identity Poisson automorphism of (X, Λ 0 ).
Proof.
We prove by the induction on the dimension of A. Let dim k A = 1. Then A = k. So we have nothing to prove. Let's assume that the proposition holds for A with dim k A ≤ n − 1. Let dim k A = n and (X , Λ) be an infinitesimal Poisson deformation of (X, Λ 0 ) over A. Assume that the maximal ideal m of A satisfies m p−1 = 0 and m p = 0. Choose
be a Poisson automorphism restricting to the identity Poisson automorphism of (X, Λ 0 ). Let {U i } be an affine cover of (X , Λ). Let {θ i } where
Hence g i is the identity. So g is the identity. This proves the proposition 3.0.22.
, the action is free. Proof. We will define a group action G :
Then we can show that G is well-defined and transitive. If H 0 (X, Λ 0 , T • X ) = 0, the action is free by Proposition 3.0.22. For the detail, we refer to the third part of the author's Ph.D thesis [Kim14a] . Proof. We can check Schlessinger's criterion (H 0 ), (H 1 ), (H 2 ), and since X is projective,
Poisson invertible sheaves
which is a derivation in the first argument and satisfies the Leibnitz identity {f g, s} F = f {g, s} + g{f, s} F {f, gs} F = {f, g}s + g{f, s} F where f, g ∈ O X , s is a local section of F. Equivalently, a Poisson connection is given by a homomorphism v :
. A Poisson connection is flat if the the bracket above gives a Lie action of O X on F, where O X is considered as a Lie algebra via the Poisson bracket. In other words, {f, {g, s} 
by the property
where α is a local k-vector and s is a local section of F. Then v 1 =ṽ 0 so that v 1 • v 0 = 0 and so
Hence we have a complex of sheaves
We denote the i-th hypercohomology group of this complex of sheaves by 
Given a non-vanishing section s ∈ Γ(U ij , L) which is locally expressed as s i on U i with s i = f ij s j and for any a ∈ O X , {a, s} L is locally expressed as {a,
This show that a Poisson invertible sheaf (L, ∇) gives a 1-cocycle
In the sequel we will denote its i-th hypercohomology group by
defining the same cohomology class so that
On the other hand, we note that
This show that we can identify
The Poisson structure on O X define the 0 element. Definition 4.0.32. We call H 1 (X, Λ 0 , O * • X ) the Poisson Picard group of an algebraic Poisson scheme (X, Λ 0 ) and denote it by P ic k (X, Λ 0 ).
Then we can identify the first cohomology group of the following complex of sheaves
→ · · · with isomorphism classes of Poisson invertible sheaves over S on (X, Λ 0 ) and we will denote the group by P ic S (X, Λ 0 ). Definition 4.0.34. Let (X, Λ 0 ) be a nonsingular Poisson variety over C and d : O X → Ω 1 X be the canonical derivation. We can define a homomorphism of complex of sheaves
Remark 4.0.35. Let X be a compact Kähler manifold with a holomorphic Poisson structure Λ 0 . Let (L, ∇) be a Poisson invertible sheaf defined by the 1-cocycle {f ij } and Poisson vector fields
in terms of the Deaulbault resolution. Given the Kähler form of X, choose a Hermitian form −, − on the fibers of L so that ξ, ξ = a j |ξ j | 2 , where ξ j is a fiber coordinate of ξ, and a j (z) is a real positive
Hence, in the following two resolutions of Ω 1 
Remark 5.0.37. Given a nonsingular Poisson variety (X, Λ 0 ), isomorphism classes of Poisson invertible sheaves over A on (X × Spec(A), Λ 0 ) can be identified with the first hypercohomlogy group of the following complex of sheaves
Then, to every small extension e : 0 → (t) →Ã → A → 0, we can associate an element
called the obstruction lifting of η toÃ, which is 0 if and only if a lifting of η exist.
) and
. On the other hand, since multiplication by 1 + ǫa i is a Poisson O Xmodule homomorphism, we have
are cohomologous so that we get (1). Second we identify obstructions. Let us consider a small extension e : 0
In order to see if a liftingη of η to Spec(Ã) exists, we choose an arbitrary collection {F ij }, {Ỹ i }, whereF ij is a nowhere zero function on
. This proves the claim.
Let
This proves that α is cohomologous to β. So given a small extension e : 0 → (t) →Ã → A → 0 and an infinitesimal deformation η of (L, ∇) over A, we can associate an element o η (e) := the cohomology class of α ∈ H 2 (X, Λ 0 , O • X ). We note that o η (e) = 0 if and only if there exists a collection of {F ij } and {Ỹ i } satisfying the cocycle condition defining a Poisson invertible sheaf overÃ on (X × Spec(Ã), Λ 0 ) which induces η. 
taking the derivative with respect to t, we get a cohomology class ({T ′ i = n l=1 
is surjective, the action is free.
Proof. We will define a map G :
we define an another liftingη ′ , which is represented byF ′ ij :=F ij + tg ij and
. Then we can show that G is well-defined and transitive. Now assume that Proof. We can check Schlessinger's criterion (H 0 ), (H 1 ), (H 2 ), and since X is projective, 
we have an induced restriction map
We say that a section
defined as above.
Proof. We keep the notation in the proof of Proposition 5.0.38. Let U = {U i } be an affine open covering of X such that (L, ∇) is represented by a system of transition functions
, it is necessary and sufficient that there exist {t i },
Hence m 1 (a)(s) = 0. 
The sheaf E i L is locally free of rank
i , where dim(X) = n. We note that the complex 0 → O X → E 0 L → T X → 0 is the Atiyah extension associated with the Chern class c(L). We denote the i-th hypercohomology group of the complex of sheaves
Proof. Let U = {U i } be an affine open covering of X such that (L, ∇) is represented by a system of transition functions {h ij }, where h ij ∈ Γ(U ij , O * X ) and Poisson vector fields {T 0 i }, where
Let (L, ∇) and (L ′ , ∇ ′ ) be two Poisson invertible sheaves represented by ({f ij }, {T i }) and ({f
Since X is a compact Kähler and L⊗L ′ −1 has the trivial Chern class, we may assume that f ij ·f ′ −1 ij = a ij is a constant so that h i −h j = 0. Hence {h i } define a global 1-form H ∈ H 0 (X, Ω 1 X ) with dH = 0. So we may assume that there exists
. φ = {φ p } is locally defined in the following way:
We claim that this is well-defined. First we show that φ = {φ p } is independent of U i . We have to show that the following diagram commutes.
Definition 7.0.47. Let A be in Art. Let (X, Λ 0 , L, ∇) be a pair of a nonsingular Poisson variety (X, Λ 0 ) and a Poisson invertible sheaf (L, ∇) on (X, Λ 0 ). An infinitesimal deformation of
Then we can define a functor of Artin rings (1) There is a canonical isomorphism
where E • L is a complex from 'Poisson Atiyah extension' associated with the Poisson Chern class c(L, ∇).
(2) Let A ∈ Art and η = (X , Λ, L, ∇ L ) be an infinitesimal deformation of (X, Λ 0 , L, ∇) over A. Then, to every small extension e : 0 → (t) →Ã → A → 0, we can associate an element o η (e) ∈ H 2 (X, Λ 0 , E • L ) called the obstruction lifting of η toÃ, which is 0 if and only if a lifting of η exist.
such that given a first-order deformation ξ of (X, Λ 0 ), there is a first-order deformation of (L, ∇) along ξ if and only if c(L, ∇)(κ(ξ)) = 0.
Recall that κ(ξ) is the element of H 1 (X, Λ 0 , T • X ) associated with the first-order deformation ξ (see Proposition 3.0.16 ).
Let U = {U i } be an affine open covering such that (L, ∇) is given by a system of transition functions {h ij } ∈ C 1 (U , O * X ) and {T 0 i } ∈ C 0 (U , T X ), and κ(ξ) ∈ H 1 (X, Λ 0 , T X ) is given by aČech 1-cocycle ({p ij )}, {−Λ i }) ∈ C 1 (U , T X ) ⊕ C 0 (U , ∧ 2 T X ) as in the proof of Proposition 3.0.16. We keep the notations in the proof of Proposition 3.0.16 so that Id + ǫp ij :
Let the Poisson invertible sheaf (L, ∇ L ) be represented by a system of transition functions {F ij }, where
which reduces to {h ij } and {T 0 i } mod ǫ. Therefore it can be represented on U ij × Spec(k[ǫ]) as
) and on U i as
We note that since F ji = h ji + ǫg ji which is considered to be a function on
. Now we consider (
, p ij ) to be on
is identified with (
We have F ij (1 + ǫp ij )(F jk ) = F ij on U i , which induces (for the detail, [Ser06] p.148)
We note that (
, p ij ) on U j is identified with (
, p ij )}) = 0. On the other hand, we have
By considering the coefficient of ǫ, we have
, p ′ ij )}) are cohomologous. This proves (1) in Proposition 7.0.48. Now consider the proof of (2) in Proposition 7.0.48. We keep the notations in the proof of Proposition 3.0.18. Consider a small extension e : 0 → (t) →Ã → A → 0 in Art and let η = (ξ, L, ∇ L ) be an infinitesimal deformation of (X, Λ 0 , L, ∇) over A, where ξ :
is given by a system of transition functions {F ij }, where F ij is a nowhere zero function on U ij × Spec(A) which is restricted from U i × Spec(A) so that F ij f ij (F jk ) = F ik and {T i }, where
to Spec(Ã) exists, we choose arbitrarily a collection {θ ij }, {F ij }, {Λ i } and {T i } where, for each i, j, k:
(1)θ ij is an automorphism of U ij × Spec(Ã) which restrict to θ ij on U ij × Spec(A), and corresponds tof ij :
Recall that from the proof of Proposition 3.0.18, (1) implies thatf ijfjkf −1 ik = Id+ td ijk , and (2) im-
Moreover (2) and (4) implies thatf
We have to show that on U i , (2),(3) and (4), the associated 2-cocycle β :
Recall the notations in the proof of Proposition 3.0.18.
Here we note that (
in the aboveČech resolution is mapped to α−β so that α is cohomologous to β. So given a small extension e : 0 → (t) →Ã → A → 0 and an infinitesimal deformations η of (X, Λ 0 , L, ∇) over A, we can associate an element o η (e) := the cohomology class of α ∈ H 2 (X, Λ 0 , E • L ). We note that o η (e) = 0 if and only if there exists a collection of {f ij }, {Λ i }, {F ij }, {Ỹ i } defining an infinitesimal deformation overÃ which induces η.
Let's consider the proof of (3) in Proposition 7.0.48. For given c(L,
We can check this is well-defined. c(L, ∇)(k(ξ)) = 0 means that there exists ({W i }, {
Remark 7.0.50. We keep the notations in the proof of Proposition 7.0.48. When Λ 0 is symplectic,
Poisson vector field T , and {Λ i } is a global bivector field Λ so that we have
Remark 7.0.51. Let (X, Λ 0 ) be a compact Kähler holomorphic Poisson manifold and (L, ∇) be a Poisson invertible sheaf on (X, Λ 0 ). In this remark, we describe the map
There exists
by Remark 4.0.35. We connectČech reolsution with Deaulbault resolution in the following.
On the first floor, we note that
On the second floor, we note that
On the third floor, we note that
Hence for given c(L, ∇) = (ω, T ), we have the following map
Example 5. Let (X, Λ 0 ) be a complex K3 surface with trivial Poisson structure Λ 0 = 0. Then
In this case, any global vector field define a Poisson O X -module structure on an invertible sheaf L on (X, 0). However, there is no nonzero global vector field on X. Hence there is only trivial Poisson O X -module structure on L of (X, 0). We denote this Poisson invertible sheaf by (L, 0). In this case, from (7.0.52), we have a map θ(ω) ). When Λ = 0, we get (0, 0, θ(ω)) so that (L, 0) deforms along whole H 1 (X, T X ) = 20 when c(L) is trivial and along 19 dimensional subspace of H 1 (X, T X ) when c(L) is nontrivial since H 1 (X, T X ) → H 2 (X, O X ) is surjective. When Λ = 0, in other words, Λ is symplectic, in this case, we get (0, −i Λ (ω), θ(ω)). Since i Λ : Ω 1 X → T X is an isomorphism when Λ = 0, in order that the cohomology class of −i Λ (ω) = 0, the Chern class ω of the invertible sheaf L should be trivial.
We conclude that when L has a trivial Chern class, then (L, 0) deforms along whole H 1 (X, Λ 0 , T • X ). When L has a nontrivial Chern class and Λ = 0, there is no first order deformation of (L, 0) along
Example 6. Let X be a complex abelian variety induced from a n-dimensional vector space V over C by a lattice and L be an ample invertible sheaf on X. We consider a trivial Poisson structure
is described in the following way by Remark 7.0.50 and (7.0.52),
where x ij , b ij ∈ C and x ij = −x ji . In order for the second component to be 0, Λ should be 0 since (a ij ) is positive definite. Hence (L, T ) deforms only in the subspace of H 1 (X, T X ) which is n 2 − on U i × M with g i pq (z i , t) = −g i qp (z i , t) (see [Kim14b] ) and (L, ∇ L ) is represented by transition functions {Ψ ij (z j , t)} and Poisson vector fields
By considering the coefficient of
By taking the derivative with respect to t, we get
By taking the derivative of (7.0.54), we can show that Hor76] ). By taking the derivative of (7.0.55), we have
which follows from (7.0.57). Hence we have a characteristic map ρ :
Deformations of sections of a Poisson invertible sheaf (L, ∇) in flat Poisson deformations
The formalism of deformations of section of an invertible sheaf in flat deformations presented in [Ser06] (see p.152-153) can be extended to Poisson deformations. Let (X, Λ 0 ) be a nonsingular projective Poisson variety and (L, ∇) be a Poisson invertible sheaf on (X, Λ 0 ). Let (L, ∇) be given by transition functions {f ij } ∈ C 1 (U , O * X ) and Poisson vector fields {T i } ∈ C 0 (U , T X ) for an affine open covering U = {U i } of X. We define a homomorphism of complex of sheaves in the following way (see Remark 4.0.27)
We show that this is well-defined, in other words, M p (η)(s i ) and M p (η)(s j ) define a same element so that
This defines M i . Consider the induced linear map
and (L, ∇) is represented by F ij = f ij + ǫa ij f ij and Y i = T i + ǫb i (see the proof of (1) in Proposition 7.0.48). Let's assume that
In order for s to extend to a sections ∈ H 0 (X , Λ, L, ∇ L ), it is necessary and sufficient that there
On the other hand, − −−− → · · · . We connectČech reolsution with Deaulbault resolution in the following (here δ is theČech map). On the first floor, since −δ({a ijk }) = 0, there exists
On the second floor, since δ(
On the third floor, since
We define an isomorphism of the second cohomology groups betweenČech and Deaulbault resolutions by the correspondence
We claim that this is well-defined. In other words, equivalent 2-cocycles inČech resolution corresponds to equivalent 2-cocycles in Deaulbault resolution. Let ({a ′ ijk }, {b ′ ij }, {c ′ i }) be an equivalent 2-cocycle so that there exists {t ij } ∈ C 1 (U , O X ) and 
Here [Pol97] ). Let us denote the induced Poisson O X -module structure on F ) and we have a complex of sheaves (see Remark 4.0.27) H om(F, F )
• : H om(F, F )
We will denote the i-th hypercohomology group by
O| Uα as in Remark B.0.62. We keep the notations in Remark B.0.62. Then H om(F, F )| Uα can be identified with a sheaf of O X | Uα -valued matrices and T X ⊗ H om(F, F )| Uα can be identified with a sheaf of T X | Uα -valued matrices. Let E α ij be the matrix whose (i, j) component is 1 and other components are 0. Then E α ij can be considered as a linear transformation from
On the other hand, 
A → {infinitesimal deformations of (F, ∇) over A}/isomorphism Proposition B.0.68. Let (X, Λ 0 ) be a nonsingular Poisson variety and (F, ∇) be a Poisson vector bundle of rank n on (X, Λ 0 ). Then
(1) There is a 1 − 1 correspondence
(2) Let A ∈ Art and η = (F, ∇ F ) be an infinitesimal Poisson deformation of (F, ∇) over A. Then, to every small extension e : 0 → (t) →Ã → A → 0, we can associate an element F ) ) called the obstruction lifting of η toÃ, which is 0 if and only if a lifting of η exists. 
with transition matrices {F αβ + ǫG αβ } for some matrix
Then {G αβ } can be considered as an element of H om(F, F ) ) defines a 1-cocycle in the followingČech resolution. F ) ) defines a 1-cocycle in the aboveČech resolution.
Assume that we have two equivalent first-order deformations (F, ∇ F ) and ( ik ∧Ỹ α kj = tS α ij , where S α ij ∈ Γ(U α , ∧ 2 T X ). Then the Γ(U α , ∧ 2 T X )-valued matrices S α := (S α ij ) define an element in C 0 (U , ∧ 2 T X ⊗H om(F, F )) in terms of Then the Γ(U αβγ , O X )-valued matrices G αβγ := (g αβγ ijk ) define an element in C 2 (U , H om(F, F )) in
PuttingF αβ := (F αβ ij ), we haveF βαF αβ = I n ,F αβF βγF γα = I n + tG αβγ andF αγF γβF βα = I n − tG αβγ .
We claim that ({−S α }, {Q αβ }, {G αβγ }) ∈ C 0 (U , ∧ 2 T X ⊗H om(F, F ))⊕C 1 (U , T X ⊗H om(F, F ))⊕ C 2 (U , H om(F, F )) defines an 2-cocycle in the aboveČech resolution. Second, we show that −δ({−S α }) + v 1 ({Q αβ }) = 0. We compute −δ({S α }) = {F βα S α F αβ − S β } in terms of ⊕ n i=1 O X | U β → ⊕ n i=1 ∧ 2 T X | U β . For this, we compute −δ({tS α }) = {tS αF αβ − F αβ tS β } in terms of On the other hand, δ({tQ αβ }) = ({tQ αβ F βα + F αβ tQ βγ F γα + F αγ tQ γα }). Hence we have −δ({Q αβ }) + v 0 (G αβγ ) = 0.
Lastly, δ(G αβγ ) = F αβ G βγδ F βα − G αγδ + G αβδ − G αβγ . We note that So we have −δ(G αβγ ) = 0. Hence a := ({−S α }, {Q αβ }, {G αβγ }) defines a 2-cocycle in the abově Cech resolution. Now we claim that given another arbitrary collection {F αβ ij } and {Ỹ ′α ij }, the associated 2-cocycle b := ({−S ′α }, {Q ′αβ }, {G ′αβγ }) is cohomologous to the 2-cocycle a = ({−S α }, {Q αβ }, {G αβγ }) associated with {F αβ } and {Ỹ α }. ThenF ′αβ =F αβ + tF ′αβ for some Γ(U αβ , O X )-valued matrices F ′αβ , andỸ ′α =Ỹ α + tY ′α for some Γ(U α , T X )-valued matrices Y ′α . {F ′αβ } defines an element in C 1 (U , H om(F, F )) and {Y ′α } defines an element in C 0 (U , T X ⊗ H om (F, F ) Hence ({−Y ′α }, {F ′αβ }) ∈ C 0 (U , T X ⊗ H om(F, F )) ⊕ C 1 (U , H om(F, F ) ) in the aboveČech resolution is mapped to b − a so that a is cohomologous to b. So given a small extension e : 0 → (t) →Ã → A → 0 and an infinitesimal deformation η of (F, ∇) over A, we can associate an element o η (e) := the cohomology class of a ∈ H 2 (X, Λ 0 , H om(F, F ) • , ∇ H om (F,F ) ). We note that o η (e) = 0 if and only if there exists a collection of {F αβ ij }, {Ỹ α ij } defining an infinitesimal deformation overÃ which induces η. This proves (2) in Proposition B.0.68.
